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Abstract 

We consider filtered or graded algebras A over a field K. Assume that there 
is a discrete valuation Oy of K with ruy its maximal ideal and fc„ :— Oy/rriy 
its residue field. Let A be 0„-order such that AK = A and A := ky (g)o„ A 
the A-reduction of A at the place K ky. As in many examples of quantized 
algebras A comes with a specific filtration that reduces well with respect to the 
valuation filtration defined by A on A and the reduction relates to the part of 
degree zero in the associated graded algebra. Hence several lifting properties 
fellow from valuation like theory, also for modules with good filtrations. 

Classification AMS 2000: 16W35, 16W70, 16W60, 06B23, 06B25. 
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Introduction 

One possible arithmetical aspect in the noncommutative geometry of associa- 
tive algebras may be found in the construction of a noncommutative divisor 
theory based on noncommutative valuations, e.g. ^Hl- Reduction of algebras at 
such valuations have already been investigated in ([HI, El)- Typical algebras 
considered there are among others : rings of differential operators, certain quan- 
tum groups, quantized algebras and regular algebras in the sense of projective 
noncommutative algebraic geometry, these algebras have a natural gradation 
or filtration defined in terms of some finite dimensional vector spaces, e.g. the 
part of degree one is finite dimensional. In this note we study the reduction of 
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the filtered or graded structures over a given valuation in the base field, K say. 
Its properties relate to certain lattices in the characteristic vector spaces hinted 
at above. For some filtration FA on a if-algebra A the unramifiedness property 
of a reduction relates to the induction of good filtrations (cf. in every FnA. 
Perhaps the main result in this context is the establishing of a lifting property 
for unramified reductions from the associated graded ring Gf{A) to the filtered 
ring A. 

Several interesting classes of algebras may be studied via reduction techniques. 
The color Lie algebras and their enveloping algebras will be separately treated in 
forthcoming work. An important class of examples consists of generalized Weyl 
algebras (cf. 4 ) or generahzed crossed products (cf. [HI); this class contains 
popular algebras like : quantum deformed Weyl algebras, the quantum plane, 
quantum lAq{sl2) of s^2, the quantum Heisenberg algebra (cf. 12 ), Witten's 
first and Woronowicz's deformation, the quantum group Oq2 of S03 (cf. |17p 
etc... . For algebras in the foregoing class the extension of valuations on the 
base field to noncommutative valuations on their fields of fractions has been 
studied (cf. JHI) and several lifting results for regularity conditions as well as 
dimension calculations follow from the reduction properties. 

As a general reference for detail on filtered rings and modules we refer to [H], 
full detail on graded ring theory may be found in ("1141.115^. 

1 Preliminaries on Reductions, Filtrations and 
Gradations 

Throughout A is an associative algebra over a commutative field K. A Z- 
filtration FA is given by an ascending family {FnA, n S Z} of additive subgroups 
such that FnAFmA C Fn+mA for all n, m G Z, 1 £ FgA, and we always assume 
the filtration to be exhaustive, i.e. A — U^eiFnA, and separated, i.e. = 
r\n£iFnA. We say that A is a filtered iiT-algebra oi K d Ff)A, consequently 
all FnA are X-vector spaces. Following conventions and notation of ([5], |14|'). 
we write Gf{A) for the associated graded ring, or iiT-algebra, with respect to 
FA and we let A be the Rees ring or blow-up ring, respectively i^-algebra. We 
write : Gf{A) = ©„gzG_F(A)„ with G'f(A)„ = FnA/Fn-iA for aU n £ Z, 
A = ®n£zAn with An = FnA for n G Z. It is practical to identify A with 
the graded subring Y.naz^riAT'' in A[T,T-^] where T is a central variable of 
degree one. Recall that the so-called principle symbol map ap ■ A ^ Gf{A) 
is defined by mapping an a € A such that a G FnA — Fn-iA to a mod Fn-iA 
in GF{A)n] observe that gf is neither addictive nor multiplicative in general. 
If no ambiguity can arise the subscript may be dropped in notation introduced 
above. 

Zariskian filtrations on noncommutative rings have been characterized in several 
ways (cf. (Oji) but in any case these filtrations have the property that A, Gf{A) 
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and A are (twosided) Noetherian rings. 

A filtration on a X-algebra A is said to be a finite filtration if diuiKFnA 
is finite for all n e Z. Similarly, a graded algebra R = ©„i?„ is said to be 
finitely graded if diuiKRn is finite for all n G Z. Obviously, if FA is finite 
then Gf{A) and A are both finitely graded; if A is finitely graded then FA 
is finite and Gf{A) is finitely graded. If Gf{A) is finitely graded then FA is 
finite if and only if at least one FmA is finite dimensional over K. Typical 
graded algebras appearing in noncommutative projective geometry e.g. regular 
algebras as studied in P , j5j , are graded if-algebras of type R = K (B Ri® . . ., 
generated by i?i over if as a if-algebra and dimKRi being finite dimensional. 

Let us recall some definitions and facts concerning valuations of skewfields, the 
old book of O. Schilling is still a valid basic reference for the general theory, 
of. JHI- A subring A in a skewfield A is said to be a valuation ring of A 
if for every x G A — {0} either x or x^^ is in A and moreover A is invariant 
under inner automorphisms of A. The unique maximal ideal P of A given by 
P = {x ^ A,x^^ ^ A} defines the residue field (!) A/P of A; we often write 
A„ = A/P (sometimes A = A/P). A valuation ring A of A is said to be 
discrete if P is a principal ideal or equivalently A is Noetherian and the value 
group is Z. When A is a iiT-algebra and A is a valuation ring of A then A n if 
is a valuation ring of K; in case if C A we say that A is a if -valuation ring. 
We write Oi, C if for a valuation ring of if and denote its maximal ideal by rriy 
and its residue field by ky = Oy/rriy. From a valuation ring Oy G K we derive 
a valuation function v : if* — > F for a suitable totally ordered abelian group; in 
the discrete case we are looking at F = Z. To a noncommutative valuation ring 
A in A we may also associate a valuation function v : A* — > F where now F 
is again totally ordered but not necessarily abelian. In some cases the abelian 
property of F is forced upon us, e.g. noncommutative valuation of the skewfield 
of the first Weyl algebra are necessarily having an abelian value group. In the 
sequel, unless otherwise stated, all valuation are supposed to be discrete 
e.g. in particular we only consider Z-valuations. If A is a noncommutative 
discrete valuation ring of A then we define a filtration F'"A on A, called the 
valuation filtrations, by putting i^^A = P~". If A = Oy,A = if then we 
write /"if for the valuation filtration of if. Observe that : degap^iS) = —v{S) 
for (5 G A, deg^„ (x) — —v{x) for x G if. In the situation A' C A and for a given 
valuation ring A of A with valuation function v the valuation ring A n if of if 
is the induced valuation ring, denoted by Oy. Of course P Ci K — niy but it 
is possible that P'^ D if = m« for e > 1. Since n„gNP" = it follows that there 
is a unique such that tt G P'^" but vr ^ -^^j^gj-g — (^7^^ This 

G N is called the ramification index of A over Oy. We easily check that 
P™ n if = niy where d = [^] is the smallest integer bigger that or equal to ^. 
This shows that is in fact the ramification of the valuation filtration P'^A 
over /"if, i.e. P^Anif — f^K where d = \^~\ as above. Whereas the uiy-adic 
filtration of A obviously induces /"if or in fact the negative part of it viewed 
as a filtration on A, such statement is false for P" as noted before. In general 
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a filtration FR of ring R is said to be scaled with step d ii FqR = RiR = 
. . . C FdR = Fd+iR — . . . C F2dR — F2d+iR = ■ ■ ■ and similar on the negative 
side : . . . C F^dR C F^d+iR = ■ ■ ■ = F^iR Co -R, i.e. FR is obtainable as a 
dZ-filtration viewed as a Z-filtration in the way explained above. 

Lemma 1.1 With notation as before, F^ A induces in K the scaled filtration 
with step e associated to f^K, where e in the ramification index of A over Oy. 

In the foregoing it is obvious that ruy is contained in the Jacobson radical J(A) 
of A; this is so because we assumed that A is a valuation ring extending Ov e.g. 
P D K — ruy. Observe however that for an arbitrary 0„-order A in an infinite 
dimensional A over K we need not have niy in the Jacobson radical of A, the 
latter may even be zero (verify for the Weyl algebra defined over Zp as an order 
in the Weyl field over Q) ! 

Let us recall Proposition 3.1. from 1^. 

Proposition 1.2 Let R be an Artinian ring with filtration FR, then the fol- 
lowing statements are equivalent : 

i) Gf{R) is a domain 

ii) R is a skew field and every nonzero homogeneous element of Gf{R) 
is invertible i.e. Gf^R) is a graded- skew field. 

Hi) R is a skewfield, FqR is a discrete valuation ring of R with max- 
imal ideal F^iR. and F^^eR = {F-iR)^ for some e € N. 

2 Reductions of Gradations and Filtrations 

Again we look either at (separated and exhaustive) filtered X-algebras A with a 
subring A such that Kr\K — Oy, oi else at graded X-algebras A with a subring 
A that is a graded subring now such that A n K ^ Oy. In the sequel we shall 
only consider 0„-ordcrs A, resp. A, such that KA = A, resp. KA = A. So 
we have the induced filtration FA given by F„A = A n FnA, or the induced 
gradation A„ = A n An. 

Observation 2.1 With notation as before : 

i) m^A n FnA = mS(A n FnA), for all neZ, aeZ. 

ii) m°A n A„ = to"(A n An), for all n e Z, a e Z. 

Proof. Let us establish i), the proof of ii) is similar. 

i) The inclusion r7i°(A n FnA) C mJA n FnA is trivial. Pick z G 
TO°A n FnA, i.e. z — 7r°A for some A € A. Since FnA is a i^-space 
A = TT^^Z e FnA n A, hence z e 7r"(F„A n A) and because FnA n A 
is an Oi,-module the latter equals m^^iFnA D A). 
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□ 

In the situation as above we call A /my A the A- reduction of A at the 
place K ky (or at v); similarly A/rriyA is the A-reduction of A and it is 
clearly a graded /c^-algebra. Faithful to the notation of the residue field we 
write Ay = A/niyA, Ay = A/myA and we write tt : A — » Ay,Tr : A — > ^„ 
for the corresponding canonical ring epimorphisms. From the observation i) it 
is clear that FA defines a filtration FAy (in fact i expresses a compatibility 
relation between FA and F'" A defined by F^A — rriy'^A i.e. the m^-adic Z- 
filtration of A constructed from A) given by FnAy ~ FnA/niyFnA. Moreover 
we have a graded subring Gf{A) C Gf{A) such that Gf(A) Ci K ^ Oy and 
KGf{A) — Gf{A), so this defines an exhaustive (graded) filtration J^GfIA) 
by flGF{A) = TO-"Gi.(A) On the other hand Gf-{A) = A (8)o„ ky^,t-^] = 
Ay\t,t^^] has a filtration induced by FA, via FA, let us denote it by FGf^{A), 
then FnGF^{A) = (F„A/mrF„A)[i, (we may view this as an identification 
if we identify Gp^iA) and Ay[t, i^^]. The compatibihty between FA and F^A 
actually establishes : G'/u(Gf(^)) = Gj^{Gf^{A)). In general we do not know 
that the filtration F'"A associated to A is separated, but when suitable finiteness 
conditions hold all filtrations constructed before will be separated, let is first 
mention a different easy but sometimes interesting good case. 

Lemma 2.2 // A and A have no nonzero ideal in common then F^A is sepa- 
rated. A similar statement holds with respect to A and A in the graded case. 



Proof. Put E = n{n e N, m"A} C A. E x £ E then tt^'^x E E for every 
n g N, thus Kx C E and also Ax C E, similar for AxA C E. This leads to a 
contradiction were x ^ 0. □ 

Corollary 2.3 If A is a simple K-algehra then F"" A is always separated, for 
every Oy-order A. 

Proposition 2.4 With notation as before, if f^Gp^A) is a separated filtration 
then F" A is separated. 



Proof. In view of Observation l2.Il we have that f^GF{A)d — rUy "Gf(A)c(, for 
all d e Z, and m-"GF(A)rf = GF(^)rf n to-"Gf(A), GF(m-"A) = m-"GF(A). 
Hence Gf{E) C n„gNw"GF(A) = 0, the latter following from the assumed 
separateness of f'"GF{A). Thus E C n„gN^n^ but as FA is separated (that 
was a standing assumption throughout) it follows that E = 0, hence F^A is 
separated too. □ 

Definition 2.5 We say that A is FA-finite if for all d £ Z, Ad = AC] FaA is 

a finitely generated Oy -module. In the graded situation A <Z A we say that A 
is A-finite if Ad Cl A = Ad, for all d £ Z, is a finitely generated Oy-module. 
For a finite dimensional vetorspace V over K, an Oy-module M contained in 
V is said to be an 0„-lattice of V if rawko^M = dim^V^- Any Oy-lattice 
M of V defines an unramifled reduction Vy = M/rUyM ~ ky M with 
diTiik^Vy = drniKV . 
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Theorem 2.6 With notation and conventions as before : 

1. IJ Gp{K) is Gp{A)-finite then F"" A is separated. 

2. (a) If K is FA-finite then f^GpiA) and F^A are both separated 

filtrations. The restriction of FGf^{A) to Ay ~ Gf^{A)q denoted 
by FAy, is given by FnAy = i^„A/rn„i^„A which is an unramified 
reduction of FnA. Moreover Gf^{A) = Ay[t,t^^] and it has the 
residual filtration given by, FnA„[t,t-'^] neZ 

(b) The filtration F"" A induces a good filtration in FdA for every d G Z. 

Proof. 1. If Gf{-^) is G'F(^)-fiiiite then Gf{A) is a finite graded X-algebra; 
since every Gi?(A)d,d G Z, is a finitely generated and torsion free O^j-module 
it is free of rank n^. Now Eg^. = n„gNw"Gi;-(A) is a common graded ideal of 
G'f(A) and GpiA) with Rgr.d C Gi?(A)d, the latter free of finite rank Ud over 
Oy. As observed for E earlier, also for Eg^ we do have that nEgr = Eg^ and 
since tt G Gi?(A)o we also have TrEg^^d = ^gr,d for every d G Z. Since now we 
are dealing with finitely generated Ot,-modules Nakayama's lemma yields that 
-£'gr,d — for all d ^ TL, hence Eg-c — or f'"GF{A) is separated. Foregoing 
proposition 12 .41 then yields that F^A is separated. 

2. a. If A is FA-finite then Gf(A) is GF(A)-finite, hence /""GfI^) and F^'A 
are both separated. In view of the finiteness assumption FaA, for every d G Z, 
is an O^j-lattice hence a free Ot,-module of rank nd say; then FdA^/myFaA is a 
fctj-vector space of dimension Ud, thus FnAy is indeed an unramified reduction 
of FnA. The remaining claims are just reformulations of earlier observations. 
2.b. Recall that for a filtered modules AI, with filtration FM, over the filtered 
ring A we say that FAI is a good filtration if there is a finite set toi, . . . , rus in 
M such that for every rt G Z we have that : F„M — J2i=i Fn-diA.mi, for some 
fixed di, . . . , ds in Z. Now from Am^J n FnA — m^FnA for all it is clear 
that the filtration induced in FnA is good (viewed as a filtered /""if-module). 
Indeed it suffices to pick an 0„-basis for the free 0„-module F„A for the and 
take each di to be zero, then the only way to express an element of niyFnA in 
the selected basis is by taking coefficients from niy. 

^ Now we look at a graded 0„-order A in A as before and we assume that 
A contains a central regular homogeneous element of degree one, T say. Put 
A = A/A{T - 1), A = A/A(r - 1); then A has a filtration FA given by F„A = 
An/A{T-l)C^An, and A has a fihration FA given by F„A = A„/A(r- 1) n A„, 
for all n G Z. 

Lemma 2.7 With notation as before we obtain : 

i) I(T-l)nA = A(T-l) 

ii) FnA - FnA n A = A„/(T - 1)A n I„. 
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Proof. i) Obviously A(T - 1) C A{T - 1) n A. For the converse look at 
z{T — 1) C A with z E A. If z A then there is a d G Z minimal such 
that Zd ^ Ad while on the other hand : Zd-iT — Zd E A^. In case Jn-i 7^ 0, 
then the foregoing entails that Zd-iT A^ and thus i^-i ^ A^-i because 
T £ Ai but that contradicts minimality of d. Hence id-i = 0, if 'zd-2 7^ 
then 2^-2^^ — 2^ G A, thus as in the first part Zd~2T^ ^ A^; and certainly 
'zz-2 Ad-2 again contradicting minimality of d. So we are in the situation 
where Zd is the homogeneous part of lowest degree in the decomposition of z. 
They from z{T — 1) G A we obtain that the homogeneous part of lowest degree 
in the decomposition of z(r — 1), and that is exactly —id, must be in A and 
that leads to a contradiction. Consequently z(T — 1) G A leads to z G A and 
the claim i. follows. 

ii) From i) it is clear that A C ^ and F„A C F„A for all n G Z. If a„ G F„v4n A 
then there exists a A G A such that A mod {An A{T — 1)) = an but also there is 
an a„ G A such that a„mod(^„ n A{T — 1)) — an- Thus a„ + b{T — 1) = A for 
soine b G A, yields : {*)Xn = an + bn-iT-bn- Also A„_i = bn-2T -bn-2T -bn-i 
or bn-iT — &„_2T^ - An-iT. Substituting an (*) then leads to : A„ + A„_iT = 
o,n + bn~2T^ ■ If bn-2 7^ then we look at A„_2 ~ bnsT — 6„_2 and arrive at 
An + Xn-iT + Xn-2T^ = o-n + bn-sT^ ■ Wc repeat this procedure until we obtain 
an = Xn + An-iT + . . . Xn-dT'^ and thus a„ G A„. From i. again it is clear that 
a„ G i^„A follows, and the second equality of ii. also follows. 

□ 

Returning to the situation of A G A with filtration FA inducing FA, then the 
Rees ring (blow-up ring) of A with respect to FA, resp. A with respect to FA, 
will be denoted by A, resp. A. Applying the foregoing lemma to these graded 
rings we recover the filtered situation from the Rees ring situation. Now the 
general theory of filtered rings jields that A/TA = GpiA), A/T(A) = Gf(A), 
with the graduation of A, resp. A, defining the gradation of Gf{A), resp. Gf{A). 
Let us write F" for the graded filtration of A defined by F^A = m~"A. The 
filtration FA resp. FA, corresponds to the T-adic filtration on A, resp. A cf. 
Pj. We obtain the following extension of Proposition 

Lemma 2.8 // n„Ar" Q,Jhen if PGf{A) is separated , recall fnGpiA) = 
TO~"G'i?(A) for n G Z, then F'" A is separated too. 

Proof. Put E = f\nezFn A — n„eNTO"A. Then (compare to Proposition |^] , 
first part of proof) : J^modAT C n„eN7r"A/rA = 0, i.e. E C TA. Pick e G F, 
thenjve have e — TA but also from ttF = F it follows that e = irx for some 
X £ E i.e. X = Ty for some y £ E. Consequently : ttx = nTy — TX and since 
T is regular in A, Try = A holds i.e. A G Att. From e = TttAi it follows that 
TAi = ei G F (note : vr^^F = F !). Repetition of the foregoing argument leads 
to Ai G Att etc... until we arrive at e = nx — TJl with Jl € E, while e = T^Ai 
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follows from = TAi for some Ai G E, etc... Finally we obtain : 

e = TA = T^Xi = T^\2 = ■■■= T" A„ = . . . e DneNT"! = 

The proof is thus finished as i? = follows. □ 

The Rees ring of the valuation filtration f^K is K ~ O^, [7rt^^,7r^^f], where 
we now write t for the regular homogeneous element of degree one in K. The 
ring K is in fact a gr- valuation ring in the field K{t) of rational functions in 
T. When calculating the Rees ring of A with respect to F^A, A^"' say, we may 
take T ^ t e A^"-* and moreover A'"^ is a ii'-algebra and it is strongly graded 
(recall that a graded ring R is strongly graded if _R„_R_„ — Rq for all n G Z, 
equivalently when RiR-i = Rq). Note that the Rees ring of A with respect to 
FA need not have t in degree one, in fact one has to use another T e Ai which 
relates to t in_some specific way reflecting the ramification of FA over ^K. 
In particular A is not necessarily strongly graded (but it contains a strongly 
eZ-graded subring where e is the ramification index of FA over K). We have 
a Rees version of Theorem l2.6l 

Proposition 2.9 If A is FA-finite then A, respectively A, are defined with re- 
spect to FA, respectively FA; the converse holds too. Any of the aforementioned 
properties entails that G_f(A) is Gf{A) finite. 

If G'f(A) is GF{A)-finite then both F^^^^ and F^A are separated and so is 
f-GF{A). 

Conversely if A C A are given graded rings having a regular central homoge- 
neous element of degree one T e Ai C Ai, then A — A/{—T)A, A = A/(T)A 
have filtrations FA, resp. FA such that A, respectively A, are indeed the 
Rees rings with respect to those filtrations FA, respectively FA, and moreover 
Gf{A) = A/TA, Gf{A) = A/TA. 

The statements concerning (unramified) reductions as in Theorem \2. 61 shift from 
filtered to Rees level or back. 

Proof. All statements are consequence of earlier observations and results; let 
us just point out that the property in Theorem 12.61 2.6.b., i,e, F'"A inducing 
a good filtration in FfiA, for every d e Z, viewed as a filtered i^-module with 
respect to f^K, is just the finite generation property for the Rees module of 
FdA with respect to K which is exactly K ®o^, FdA = FdAS'"\ □ 

Let us finish this section by mentioning some further remarks about strong 
filtrations, relating to valuations. In general a filtration on a ring A is said to be 
a strong filtration if FnAFmA = Fn+mA for all n.m G Z, equivalently if Gf{A) 
is a strongly graded ring, i.e. GF{A)nGF{A)„i — GF{A)„+m- By definition 
F^A is a strong filtration. 

Lemma 2.10 Let A and A be as before and consider an Ore set (left, right, left 
and right) S in A, then there is an Ore set Sa in A (left, right, let and right) 
such that S)^^A = S^^A. 
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Proof. Take Sa ^ K* S Ci A, K* ^ K ~ {0}. It is straightforward to check the 
(left, right, left and right) Ore conditions in A for and (obviously) S^^A = 
S-^A. □ 

Corollary 2.11 The localized filtration derived from F"A is exactly the local- 
ized filtration derived from the m^-adic filtration of A; it is a strong filtration 
denoted by F^'S-^A. 



Let us say that A is an order in an Artinian ring if its set of regular elements 
So is a left and right Ore set such that Sq^A is Artinian (one sided left or right 
statements may be formulated similarly). 

Proposition 2.12 Let A be an order in an Artinian ring Q = Sq^A and A C A 
as before. If Ay is a domain then Q is a skewfield and F^A extends to a strong 
filtration of Q such that FqQ is a valuation ring of Q extending v from K to 
Q. Then in the situation where A C A are graded, A a graded K-algebra such 
that each An has finite R-dimension, the set of homogeneous elements of A is 
an Ore set too and the graded ring of fractions is a gr-skewfield with F^Q 
inducing a graded valuation in . 



Proof. Since A^ is a domain and Gf^{A) = Ay[t,t^^], (t„(S'o) is a multiplica- 
tively closed set, where ay is the principal symbol map for F^A, and in fact ay 
is a multiplicative map. It follows that : 

Gp^iS^^A) = ao{So)-^GF^'{A) = 0,,{Ay)[t,t-^] 

the latter equality holds because the gradation is strong, hence localization 
happens completely in degree zero. Since the latter ring is a domain we may 
apply Observation 12. II and following to Sq^A. Note that in the finite case we 
have e = 1 because 7r"A n Am — 7r"Am vr" A^ for n n' in view of the 
Nakayama lemma. □ 

In general for given A, FA (or A) the construction of A, FA such that A is FA- 
finite is not so easy, this problem is related to the existence of discrete valuations 
having certain unramifiedness properties. In case the algebra is given by a finite 
number of generators and finitely many relations between these, properties of 
so-called good reduction will allow certain constructions of suitable Oi,-orders. 



3 Positively Graded Connected Algebras 

A connected positively graded if-algebra is given as A = K (B Ai (B A2 (B ■ ■ ■, 
where Ai is a finitely dimensional i^-vector space A is generated as a if-algebra 
by Ai. We may view A as a if-algebra given by generators and homogeneous 
relations as follows : 



— >n — > K{X) -^A — >0 
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where K{X) is the free i^-algebra oii X_— {Xi, . . . , X„] and tt is defined by 
7r(Xi) = tti where {ai, . . . , a„} is a preselected if-basis of ^i. The ideal TZ is 
the ideal of relations. By restricting tt to 0„{X) we obtain a graded subring A 
of A with Aq = 0„ as follows : 







>7^^o^,(x) — >o^{x) — >A- 



■0 



It is clear that tt maps my{X_) to to„A which is a graded ideal of A. So we have 
the following commutative diagram : 



0- 



■0 



■ Tzr\0.,{x) 



Oy{X) 



■A' 



^ n ^ K{X) A ^ 

where Ay — K/rriyK as usual and TZy — TZ Ci Oy{X)) + nij^X) /mr{X). When 
TZ is generated by {pi(X), . . . , VdiXW as a two-sided ideal then, without loss of 
generality, we may assume that pi (X) G Oy {X} (up to multiplying by a suitable 
constant) but such that not all of them are in m„(X). However the foregoing 
does not imply that U n Oy{X_) = Oy{20Pi{2L) + ■■■ + Oy{X_)pd{2L), nor that 
TZv = ky {X)pi {X) + . . . + ky {X)pd {2Q , where Pj (X) is the image of pi {2Q under 
reduction. 

Definition 3.1 With conventions and notation as before, we say that TZ (or 
A) reduces well or that A defines a good reduction of A whenever TZy 
is generated by the residues p,-(A"), i — 1,. . .,d, i.e. whenever TZ D Oy{X_) is 
generated by the Pi(X), i = I, . . . , d, as a two-sided ideal of 0„ (X) . Since n is a 
graded morphism, the fact that dim^^i = n entails that TZoo = 0; it follows that 
dimx(A/mt,A)i = n but dim^^ A„ and AvciiKAy^n rnay be different from n> \. 

Proposition 3.2 Let A = be a connected affine prime finite graded K- 

algebra and tt : K(X) A a presentation of the K-algebra A as in the above 
diagram. Then F"" A is separated and n is FA-finite if and only if for all n £ 
N,dim.KAn = diuik^ Ay, n- Moreover, if Ay is a Goldie domain then A is a 
domain and the ruyA-adic filtration F^A is induced by a valuation filtration on 
the skewfield of microfractions A of A. 



Proof. From Proposition 12.91 we retain that A is FA-finite. Suppose that 
Ay is a domain then we claim that A and A are domains too (we cannot use 
Proposition l2.12l here because here A is not necessarily an order in a semisimple 
Artinian ring, in other words the Goldie ring property does not follow from our 
assumptions unless we start from a Noetherian A) It will be sufhcicnt to check 
that there are no homogeneous zero-divisors. Take a e A„, b G A™ such that 
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ab = 0, say : a = J2 O'l^^ , ^ — S ^j^j ' where {x" , ■ ■ ■ , Xd' } is an 0„-basis 
for A„. There exists /ii, /i2 S K such that nia £ A„, /i2^ € but not ah niUi 
in m^A, since is completely prime in A, either /xia G m^A or //2?' € m^A, a 
contradiction. Now F'"A is a strong filtration and G'i?i>(v4) — Ay[t,t~^]. Since 
A„ is a Goldie domain, also t~^] is a Goldie domain and it has a skewfield 
of fractions A^, as well as a gr-skewfield of homogeneous fractions Ag. The 
multiplicative set A — {0} has ap^iA — {0}) = Gf^{A) — {0} which is an Ore 
set because Av[t,t~^] is a Goldie domain. Put So = A — {0}, then cr(5'o) = 
G_F«(A)_ - {0} where G_f«(A)_ = ©„<oGf''(A)„. Clearly cr(S'o) is an Ore set 
in Gi;'.(A)_ and also a{So)-^GF-{A)- = Q^i(Gi.^. (A))o. Given s £ So,ae A, 
the left Ore condition for i7(S'o yields s' G Sq, a' £ A such that s'a — a' s G niyA, 
say s'a — a's = 7r™& with & G A and m G N. There are s" G and a" G A such 
that s"b-a"s G m^A, thus (s"s')a - (s"a')s = 7r™(a"s + tt™' j/) for some y G A, 
m' ^ in N. Hence sa — {s"a' + 7r™a")s ~ 7^™+™ and it follows that for every 
p > q, S maps to an Ore set S*'^) of A/m^JA. Consequently the microlocalization 
of A at Sq may be identified by 

lim(5(f))-i(A/mPA) = Q^(A) = g^(^), 

see P] for more detail on microlocalization. Clearly Q'^{A) is a skewfield and 
it has a strong filtration with associated graded ring A^ that a domain and a 
graded skewfield. Applying Proposition 2.12 we may conclude that the filtration 
on Q'^{A) is a discrete valuation filtration. □ 

When considering a filtered i^-algebra A with a finite filtration FA, we observe 
that there is an no G Z such that for n < ng, FnA = Fn^A. Since we restricted 
attention to separated filtrations this means that FnA — for all n < no i.e. 
the filtration is left limited, F-iA is a nilpotent ideal of FoA. Therefore, when 
dealing with finite filtrations, it is not really restrictive to restrict attention 
to positively filtered rings as we will do. Moreover when domains have to be 
considered, FoA will be an algebraic field extension of K and so Oy may be 
replaced by a discrete valuation ring of FqA lying over 0„ C K. In other words 
we are lead to consider the case of a positively filtered domain K = FqA C 
. . . C FnA C . . . C ^ and a discrete valuation ring Oy of K with an 0„-order A 
in A such that AO K = Oy, KA = A, equipped with the induced filtration FA 
and G_f(A) C Gf{A) a graded 0„-order. In the "positive" situation we have 
the following lifting result. 

Proposition 3.3 IfGp{A) is GF{A)-finite then A is FA-finite. 

Proof. One easily establishes that rk{FqA) = dimKFqA by induction on q. 
The case g = is trivial enough. Assume that the equality holds for q—1. From 
FqA/Fq^iA = G{A)q it follows that : 

rk{FqA) = rfc(F,_iA) + dim^^ (G(A),) = dim^^ (F,_iA) + dim^^ (G(A),) 
= diiJiKiFqA) 
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□ 



Corollary 3.4 Under the hypothesis of the foregoing Proposition 3.3. the re- 
sults of Theorem \2.f)\ are valid; in particular G f^GpiA) — G{A)^[t,t~^] = 
G fGFv{A) where fnGp^iA) = FnAy[t,t^^] is the filtration induced by F in 
Gf^{A) (this is a version of a general compatibility result for arbitrary filtra- 
tions, cf. ffT^. Proposition \2.4}) ). 

Proposition 3.5 If G{A)y is a domain then also Gf{A), Gf^{A) and A are 
domains. 

Proof. Easy from the compatibility result for filtrations applied to F"" and F, 
i.e. GfMF{A) = GfGF-{A). □ 

Corollary 3.6 If Gf{^) is GF{A)-finite then : 

i) dimkSAv^n) = rfcGF(A)„ = dim/f GF(^)n 

= dimA'Fn^ - E™=i dimK(G(A)™). 

Assuming that A — K[FiA] then A may be obtained as an epimorphic 
image of the free ii'-algebra K(X) in dinii^ i^i A-letters, say Xi, . . . , X^, letting 
{xi, . . . , Xd} be a i^-basis for FiA. 

TT : K{Xi,...,Xd) — > A, X^i — > Xi, i = l,...,d 

The filtration on K{Xi , . . . , Xd) is the degree filtration and this makes tt a strict 
filtered morphism in the sense of [H]. Writing TZ = KerTr, we have a strict exact 
sequence of filtered objects : 

(*) 0^n^K{Xi,...,Xd)^A^O 

Strict exactness of (*) entails that by passing to Rees objects one obtains an 
exact sequence of graded K{Xi, . . . , Xd}-modules: 

o-^a^ K(Xi,...,Xdr -^A^o 

Again from strict exactness it follows that Gjr{A) = Gf{A) where Gjf(A) is the 
associated graded of a A as a filtered J?^- module, writing T — K{Xi, . . . ,Xd). 
From (*) we thus derive an exact sequence in G(^)-gr : 

— > G{TZ) — > G{F) — > G{A) — * 

The filtration on T is exactly the gradation filtration it follows that G{J-) ^ !F 
and under this isomorphism G{TV) corresponds to the ideal 7^ in .7^ being the 
graded ideal generated by the homogeneous components of highest degree in 
the homogeneous decompositions of elements of TZ. The following is a version 
of Theorem 2.13 in [TS|. 
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Theorem 3.7 Assume that A is given by finitely many generators and rela- 
tions, where FA is a described before Provosition \3 .Si IfGpiA), which is a con- 
nected positively graded R- algebra, reduces well with respect to Or then Gf{A) = 
T = T jiL, where Ti, is generated as a two-sided ideal by pi{X_), . . . ,Ps{X_) hav- 
ing as homogeneous parts having highest degree qi (X). . . . , qs{2L) that generate 
IZ as a two-sided ideal. Moreover A reduces well at , in other words : 

nno^{x) = Y, Ov {x)p, {x)o, {x) 

i 

and Ay is defined by the relations Pi(2L), ■ ■ ■ iPsi-^)- D 

Foregoing theorem completes information about lifting properties of Gf{A) to 
A connected to the existence of valuation rings extending 0„ in either Qd^A) if 
this exists (Noetherian or Goldie ring situation) or else in a corresponding micro- 
localization The finiteness properties with respect to A then provide 
the unramifiedness of the extension of the valuation. The latter unramified 
situation has been observed in several independent interesting examples e.g. : 

i) A{g) — Qci{U{g)) for finite dimensional Lie algebras, Weyl algebras 

A„ic), cf. m 

ii) Sklyanin algebras, cf. 

iii) Generalized gauge algebras including Witten algebras, cf. [H]. The 
problem of finding an extending noncommutative valuation has been 
reducted to finding an Ot,-order in an associated graded algebra 
having the finiteness property we discussed and having a domain for 
its reduction. 

4 Another Example: Generalization Weyl Alge- 
bras 

A generalized crossed product ^4 is a Z-graded ring such that Ai = AoVi is a 
free left Ao-module of rank one, and vq — I a identifying as the subring AqIa 
in A. Multiplication of A is defined by: 

avibvj = a(7'^(b)c(i, j)vi^j for i,j G Z, a and b E Aq 

where a is an automorphism of Aq and c : Z x Z Z(j4o) is a 2-cocycle 
satisfying : c{i,j)c{i + j, k) = a^{c{j, k))c(i,j + k) for i.j, k E'L. K generalized 
Weyl algebra in the sense of (|31,|S],|21),|Z|)j is as before but now letting A be 
generated over by two indeterminates X — vi and Y = v-i such that : 

Xa = (j{a)X, Ya = a-^{a)Y for a £ Ao YX^a, XY = (T{a) 
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li Aq = D is a commutative ring, e.g. a Dedekind domain, then these rings have 
now been extensively studied. Even over a Dedekind domain the class of gen- 
eralized Weyl algebras contains many popular algebras: the first Weyl algebra 
and its quantum deformation, the quantum plane, the quantum 2-dimensional 
sphere, U{sl2) and its quantum version Uq{sl2) Witten's first deformation and 
Woronowicz's deformation, the quantum Heisemberg algebra, the Virasaro al- 
gebra. We write D{a, a) for generalized Weyl algebra as above with Aq = D. 

We now consider K C -D a fixed base field invariant under a. Write D^°''> for 
the invariant algebra with respect to a. We may restrict attention to affine K- 
algebra D but the results can be generalized to the consideration of Noetherian 
integrally closed domains (localization at height one ideals then yields discrete 
valuation rings) . Localizing Z)(cr, a) at D — {0} yields K(8)£)£'((7, a) ~K[t,f~^a], 
where K = Qci{D), a the extended automorphisms of K. 

Lemma 4.1 If P is a a-invariant prime ideal of D then D{a,a)P is a two- 
sided ideal such that D{{a, a) / D{a, a)P is of type D{a,a)P where D = D/P,a 
is induced by a on D and a = a mod P (a = is allowed). 

Proof. The a-invariance of P yields that D{a,a)P is two-sided. Since D 

is Dedekind, D is a field, li a ^ P then D{7j,a) is again a generalized Weyl 
algebra and a domain. If a G P, then D{a, a) is not a domain. If D = Oy C K 
the maximal ideal is necessarily cr-invariant and, D{a,a) = K{a,a). If a 7^ is 
necessarily a unit of K. □ 

More generally, If P is c-invariant in D then D — P is also u-invariant hence 
an Ore set in D{a,a). Localizing D(a,a) at D — P then yields D{a,a)p = 
Dp {a, a), li P ^ then Dp is a discrete valuation ring of K and Dp{a,a) 
is a gr- valuation ring in K[t,t~^,(T] (the latter being a graded-skewfield) . The 
corresponding valuation filtration on K[t, f~^,cr] is compatible with Z-grading 
and the associated graded ring for the valuation filtration is exactly K[t, t^^,a]. 
It follows that Dp{a-, a) is an intersection of K.[t, t~^, a] and a discrete valuation 
on Qci{D{a, a)) = K[t, cr]. So we have proved. 

Proposition 4.2 If P is a a-invariant prime ideal of D such that a ^ P then 
P determines a noncommutative valuation of Qci{D(a,a)) = K(i, a) with ring 
Ap say, and maximal ideal w, such that D{a,a) = Ap r\K[t,t~^ ,cr], and P = 
w n D{a, a). The residue skew field of this discrete valuation is Qci{D{a,a)) = 
K[t,a]. 

Note that for the Weyl algebra 

Ai{C) = C[X,Y]/{XY -YX -1), Di=C[X,Y], a{XY)=XY + l 

there are not nontrivial cr-invariant prime ideals in Di. In a sense the prime 
at 00 is an invariant prime (corresponding to C[{XY)~^](^xy)-^) and it is the 
valuation ring in Di(C) = Qci{Ai{C)) corresponding to the quotient filtration 
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of the Bernstein filtration on ^i(C) that represents this prime at oo (we refer 
to for some results on valuations of Di(C)). 

Look at Di, the coordinate ring of curve C in affine n-space over K, in particular 
K is algebraicaUy closed in the field of fractions of Ui, K say. 

Let 0„ C K be such that C has good reduction at Oy i.e. the reduced equa- 
tions of C define a nonsingular curve over the residue field K, or equivalently 
D = Do^/rUyDo^ is a Dedekind domain, where Dq^ = Oy[Xi, . . . , Xn]/ 1 tl 
Oy[Xi, . . . , Xn], I is an ideal of C. If a e Dq^ — niyDo^ then Do^{a;a) = 
A C D(cr, A). It is clear that niyDo^ is fi-invariant, therefore the left ideal 
Do^{(J,a)my is two-sided and we have : 

Lemma 4.3 as before : Do^{o', a) /myDo^{(T-, a) = D{'a,'a). If the curve given 
by D over K has good reduction at Oy then for a ^ myD we obtain an ruy-adic 
filtration on D{a, a) with FnD{a, a) = Z?o„ (c, a)7r~" where uiy = (tt) for n ^ Zi 
such that the associated graded ring is D{a,a)[t,t~^], hence a domain. 

Remark 4.4 The restriction to Oy defining good reduction for C can be avoided. 
In the above result it is only important to have D{a,a) to be a domain and the 
assumption on a shows that it is enough to have D{'a,a) to be a domain. How- 
ever from the point of view of the theory of generalized Weyl algebras it is nice 
to have a residue algebra again being a generalized Weyl algebra of the same 
type. Therefore "good reduction" is an interesting condition. Combining this 
with the results of section 1, we may phrase all this as follows. 

Theorem 4.5 Let K C -D^'^^ <Z D where D is the coordinate ring of a non- 
singular curve C in n-space. Let mt C 0„ C K define a discrete valuation of 
K such that a € Do^ ~ niyDo^. The filtration FD{a,a) defined by FnD(cr,a) 
extends to a valuation filtration on the skewfield Qci{D{a^a)) = K(i, cr) with 
residue skewfield Aci{D{'a,a)). 

If C has good reduction at Oy then D{a,a) is a generalized Weyl algebra over 
the Dedekind domain D. If a has infinite order then 13^'^^ = K. 

Proof. Only the final statement has not yet been fully established. If D^'^^ is 
not algebraic over K then K must be algebraic over QdiD^""^) = K^°'^ Since 
D is affine over K, K is finitely generated as a field over K hence over K<'^>. It 
follows that [K : K] < cxD but then (<t) is a finite group, a contradiction. □ 

Corollary 4.6 Certain discrete valuations of the base field K extend to non- 
commutative discrete valuations (unramified extension) on the skewfield of frac- 
tions of quantum enveloping algebras, the quantum plane, the quantum Oq2 of 
so(K,3) the quantum Heisemberg algebra ^121, generalized gauge algebra 

of 'H'l. The condition on discrete valuation of the base field is given in terms of 
good reduction of some constant e.g. q or a. For example in case of the quantum 
Weyl algebra A — K[i]((T, t) where a{t) = q^^{t — 1) it is clear that a explodes 
when one allows an Oy of K containing q in my . 
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